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Abstract
It is shown that if A, B, X are Hilbert space operators such that X  γ I , for the positive real
number γ , and p,q > 1 with 1/p + 1/q = 1, then |A− B|2  p|A|2 + q|B|2 with equality if and
only if (1− p)A= B and γ ||||A−B|2||| |||p|A|2X+ qX|B|2||| for every unitarily invariant norm.
Moreover, if in addition A, B are normal and X is any Hilbert–Schmidt operator, then ‖δ2A,B(X)‖2 ‖p|A|2X+ qX|B|2‖2 with equality if and only if (1− p)AX=XB.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction
Let B(H) denote the algebra of all bounded linear operators on a complex separable
Hilbert space H. A unitarily invariant norm |||·|||, is a norm on an ideal C|||·||| of B(H),
making C|||·||| a Banach space and satisfying |||UXV ||| = |||X||| for all X in B(H) and all
unitary operators U and V in B(H). The Hilbert–Schmidt norm ‖·‖2 is one of the most
important unitarily invariant norms, this norm is defined by
‖A‖2 =
( ∞∑
i,j=1
∣∣〈Aei, fj 〉∣∣2
)1/2
,
where {ei} and {fi} are orthonormal bases for H. Denote by the symbol C2, the ideal of all
Hilbert–Schmidt operators, that is C2 = {A ∈B(H): ‖A‖2 <∞}.
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on B(H), is defined by
δA,B(X)=AX−XB
for all X ∈B(H). By the operator δ2A,B(X) we mean
δ2A,B(X)= δA,B
(
δA,B(X)
)
.
The classical Bohr inequality for scalars asserts that if a, b are complex numbers and
p,q > 1 with 1/p+ 1/q = 1, then
|a − b|2  p|a|2 + q|b|2 (1)
with equality if and only if (1− p)a = b (see, e.g., [5]).
The main purpose of this paper is to give inequalities related to operator versions of
the inequality (1) and to investigate the equality conditions of some of these inequali-
ties. It should be mentioned here that the results in Section 3 are based on a result of
Voiculescu [6], which asserts that every normal operator can be expressed as a diagonal
operator plus a Hilbert–Schmidt operator with arbitrary small Hilbert–Schmidt norm.
2. Operator Bohr’s inequality
The following result forms a generalization of the inequality (1).
Theorem 1. Let A,B ∈ B(H) and p,q > 1 with 1/p+ 1/q = 1 and p  q . Then
|A−B|2 + ∣∣(1− p)A−B∣∣2  p|A|2 + q|B|2,
where |X| = (X∗X)1/2 is the absolute value of the operator X.
Proof. First observe that
|A−B|2 = |A|2 + |B|2 − (A∗B +B∗A)
and ∣∣(1− p)A−B∣∣2 = (1− p)2|A|2 + |B|2 − (1− p)(A∗B +B∗A).
It follows that
|A−B|2 + ∣∣(1− p)A−B∣∣2 − p|A|2 − q|B|2
= (p− 2)(p− 1)|A|2 + (2− q)|B|2 − (2− p)(A∗B +B∗A)
= (p− 2)(p− 1)|A|2 +
(
p− 2
p− 1
)
|B|2 + (p− 2)(A∗B +B∗A)(
since 2− q = (p− 2)/(p− 1))
= (p− 2)
∣∣∣∣√p− 1A+ 1√p− 1B
∣∣∣∣
2
 0, since p− 2 < 0.
Consequently, |A−B|2 + |(1− p)A−B|2  p|A|2 + q|B|2, as required. ✷
An operator version of the inequality (1) can be seen in the following result.
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|A−B|2  p|A|2 + q|B|2
with equality if and only if (1− p)A= B .
Proof. If p  q , then the results follow from Theorem 1. On the other hand, if q  p, then
again by Theorem 1 we have
|A−B|2 + ∣∣(1− q)B −A∣∣2  p|A|2 + q|B|2,
and so |A−B|2  p|A|2+q|B|2 with equality if and only if A= (1−q)B . It follows that
(1−p)A= B , since 1− p = 1/(1− q). The proof is complete. ✷
As a consequence of Corollary 1 we have the following result.
Corollary 2. Let A,B ∈ B(H) and p > 1. Then
±(A∗B +B∗A) (p− 1)|A|2 + 1
p− 1 |B|
2
with equality if and only if A= B = 0.
Proof. The result follows by applying Corollary 1, first to the operators A,B and second
to the operators A, −B . ✷
In order to give operator norm versions for Bohr’s inequality, we need the following two
lemmas, for more details the reader may refer to [2].
Lemma 1. Let A,B,X ∈B(H) such thatA,B are self-adjoint andX  γ I , for the positive
real number γ . Then γ |||A−B||| |||AX−XB|||.
Lemma 2. Let A,B,X ∈ B(H) such that A,B are self-adjoint and X ±(A− B). Then
|||(A−B)2||| |||AX−XB|||.
Now, we are in a position to give an operator version of the inequality (1).
Theorem 2. Let A,B,X ∈ B(H) and p,q > 1 with 1/p + 1/q = 1. If X  γ I , for the
positive real number γ , then γ ||||A−B|2||| |||p|A|2X+ qX|B|2|||.
Proof. By replacing A and B, in Lemma 1, by p|A|2, −q|B|2 we have
γ
∣∣∣∣∣∣p|A|2 + q|B|2∣∣∣∣∣∣ ∣∣∣∣∣∣p|A|2X+ qX|B|2∣∣∣∣∣∣. (2)
Also, it follows, from Corollary 1, that∣∣∣∣∣∣|A−B|2∣∣∣∣∣∣ ∣∣∣∣∣∣p|A|2 + q|B|2∣∣∣∣∣∣. (3)
Now, the result follows from (2) and (3). ✷
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norms, are Fan Dominance Theorem and Fan’s Maximum Principle, see [1] or [4]. The
first says that if A,B are compact operators in B(H), then the following two conditions are
equivalent:
(1) |||A||| |||B||| for all unitarily invariant norms.
(2) ∑kj=1 sj (A)∑kj=1 sj (B) for all k = 1,2, . . . , where, for X ∈ B(H), sj (X), j =
1,2, . . . , are the singular values of the compact operator X arranged in a decreasing
order s1(X) s2(X) · · · .
The second, says that if A ∈ B(H), then ∑kj=1 sj (A) = max∑kj=1 |〈Aej ,fj 〉|, where
the maximum is taken over all choices of orthonormal k-tuples e1, . . . , ek and f1, . . . , fk
in H.
Theorem 3. Let A,B,X ∈ B(H) and p,q > 1 with 1/p + 1/q = 1. If X ∈ B(H) with
X  p|A|2 + q|B|2, then ||||A−B|4||| |||p|A|2X+ qX|B|2|||.
Proof. By replacing A and B , in Lemma 2, by p|A|2,−q|B|2 we have∣∣∣∣∣∣(p|A|2 + q|B|2)2∣∣∣∣∣∣ ∣∣∣∣∣∣p|A|2X+ qX|B|2∣∣∣∣∣∣. (4)
Now, according to Corollary 1 and the inequality (4), we may assume that |A−B| is
compact. Let {ej } be an orthonormal basis of H and {sj (|A− B|)} be a sequence of non-
negative real numbers such that |A−B|ej = sj (|A−B|)ej , for all j ∈N. Moreover,〈(
p|A|2 + q|B|2)2ej , ej 〉 〈(p|A|2 + q|B|2)ej , ej 〉2

〈|A−B|2ej , ej 〉2 (by Corollary 1)
= s4j
(|A−B|)= sj (|A−B|4). (5)
It follows, from (5) and Fan’s Maximum Principle, that
k∑
j=1
sj
(|A−B|4) k∑
j=1
sj
((
p|A|2 + q|B|2)2),
for k = 1,2, . . . , and so, by Fan’s Dominance Theorem, we have∣∣∣∣∣∣|A−B|4∣∣∣∣∣∣ ∣∣∣∣∣∣(p|A|2 + q|B|2)2∣∣∣∣∣∣. (6)
Now, the result follows from (4) and (6). The proof is complete. ✷
3. A commutator form for Bohr’s inequality
A refinement of the scalar Bohr inequality (1) can be derived from Theorem 1 as fol-
lows. Let a, b be complex numbers and p,q > 1 with 1/p+ 1/q = 1 and p  q . Then
|a − b|2 + ∣∣(1− p)a − b∣∣2  p|a|2 + q|b|2. (7)
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we have the following refinement of (1). Let a, b be complex numbers and p,q > 1 with
1/p+ 1/q = 1 and p  q . Then
|a − b|4 + ∣∣(p− 1)a + b∣∣4  (p|a|2 + q|b|2)2. (8)
An operator version of the inequality (8) can be seen in the following result.
Theorem 4. Let A,B ∈ B(H) be normal and p,q > 1 with 1/p + 1/q = 1 and p  q .
Then ∥∥δ2A,B(X)∥∥22 + ∥∥δ2(p−1)A,−B(X)∥∥22  ∥∥p|A|2X+ qX|B|2∥∥22
for every X ∈B(H).
Proof. Based on Voiculescu’s Theorem, for a given  > 0 there are diagonal operators
D1,D2 and Hilbert–Schmidt operators K1,K2 such that A = D1 + K1, B = D2 + K2,
‖K1‖ < , ‖K2‖ < , D1ei = λiei , and D2fi = µifi , i ∈ N for some orthonormal bases
{ei} and {fi} for H and some sequences {λi} and {µi} of complex numbers. By a limiting
argument, it is enough to show that the result holds for the operators D1,D2. Now,∥∥δ2D1,D2(X)∥∥22 + ∥∥δ2(1−p)D1,D2(X)∥∥22
=
∞∑
i,j=1
∣∣〈δ2D1,D2(X)fj , ei 〉∣∣2 +
∞∑
i,j=1
∣∣〈δ2(1−p)D1,D2(X)fj , ei 〉∣∣2

∞∑
i,j=1
(|λi −µj |2 + ∣∣(1− p)λi −µj ∣∣2)2∣∣〈Xfj , ei〉∣∣2

∞∑
i,j=1
(
p|λi |2 + q|µj |2
)2∣∣〈Xfj , ei〉∣∣2 (by (7))
= ∥∥p|D1|2X+ qX|D2|2∥∥22.
The proof is complete. ✷
Now, to investigate equality conditions for an operator version of the Bohr’s inequal-
ity (1) we need the following lemma, which can be proved by an argument similar to that
used in the proof of Theorem 4 and by using Cauchy–Schwartz inequality for sequences.
Lemma 3. Let A,B ∈B(H) be normal. Then∥∥δA,B(X)∥∥22  ∥∥δ2A,B(X)∥∥2‖X‖2
for every X ∈C2.
Recall that the Fuglede–Putnam Theorem [3] asserts that if A,B ∈B(H) such that A,B
are normal and AX =XB , then A∗X =XB∗.
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for every X ∈ B(H). Moreover, if X ∈ C2, then equality holds in (9) if and only if
(1− p)AX =XB .
Proof. The inequality (9) follows from Theorem 4 and an argument similar to that given
in the proof of Corollary 1. For the equality condition, without loss of generality we may
assume that p  q . Suppose that ‖δ2A,B(X)‖2 = ‖p|A|2X + qX|B|2‖2. It follows, from
Theorem 4, that δ2(p−1)A,−B(X) = 0. It follows, from Lemma 3, that δ(p−1)A,−B(X) = 0
and so (1−p)AX =XB .
Conversely, suppose that (1 − p)AX = XB . Then (1 − p)2A2X = XB2. Also,
it follows, from the Fuglede–Putnam Theorem, that (1 − p)A∗X = XB∗, and so
(1− p)2|A|2X =X|B|2. Consequently,
δ2A,B(X)= p2A2X (10)
and
p|A|2X+ qX|B|2 = p2|A|2X. (11)
Since ‖A2X‖2 = ‖|A|2X‖2, it follows, from (10) and (11), that ‖δ2A,B(X)‖2 = ‖p|A|2X+
qX|B|2‖2. The proof is complete. ✷
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